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Abstract 

To each irreducible infinite dimensional representation (n,H) of a C- 
algebra A, we associate a collection of irreducible norm-continuous unitary 
representations -n^ of its unitary group XJ(A), whose equivalence classes 
are parameterized by highest weights in the same way as the irreducible 
bounded unitary representations of the group Uoo('H) = V('H)n(l+K('H)) 
are. These are precisely the representations arising in the decomposition 
of the tensor products H® n ® (H* )® m under \]{A). We show that these 
representations can be realized by sections of holomorphic line bundles 
over homogeneous Kahler manifolds on which \J(A) acts transitively and 
that the corresponding norm-closed momentum sets I™ A C u(A)' distin- 
guish inequivalent representations of this type. 
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Introduction 



The relationship between properties of C*-algebras and the representation the- 
ory of their unitary groups has come up in the literature ever since the clas- 
sification in [Se57j of the representations of the unitary group on a Hilbert 
space satisfying a certain positivity condition. Other classification results in 
this direction were later obtained; see for instance |Ki73j , |SV75j , [0179J , [0184 , 
|Pi88] , |Boy93| and the references therein. The broad issue of developing a sys- 
tematic approach to the classification of representations of the unitary groups 
of C* -algebras was raised in |Pa83j . and this is precisely the problem which 
we address in the present work — by using different tools, however: namely, 
the momentum sets of unitary representations (cf. |NeOOj . |Ne08j . |Ne09j . and 
jNelOj ). For a Banach-L ie group G and a norm-continuous unitary representa- 
tion 7r: G — > U('H), there are two variants of the momentum set. Both rely on 
the momentum map 

: F(H) = {[v] = Cv: ^ v e U} -> g', = <Z!^M!^) . 

{v,v} 

The larger one is the weak-*-closure 1^ of conv(im(<I> 7r )), and the smaller one is 
the norm-closure J" of this set. One connection between the present approach 
and the one of |Pa83j will be established in Proposition 13.91 below. Before to 
describe the contents of our paper in some more detail, we shall briefly survey 
some progress that has been made so far. Specifically, the goal is to understand 
the irreducible bounded unitary representations of V(A) for a unital C*-algebra 
A in terms of irreducible algebra representations of A, whose classification is 
much better understood (as seen from |GK601 Cor. 8] or [K0SQ31 Thm. 1.1], 
and also from |Vo76j ). 

If A is commutative, then exp: u(_4) — > U(A) induces a covering of the 
identity component, so that U(.4)o = u(A)/T^, where = ker(exp^ \ U (A)) 
is isomorphic to the discrete subgroup of (A, +) generated by the projections. 
Since U(„4) is divisible, we have \J(A) = U(A)o x 7r (U(.4)). This leads to the 
explicit description of the character group of U(*4) in terms of data associated 
to A: 

U(Af-= {a e u(A)': a(T A ) C 2ttZ} x n (\J(A)T. 

This description of the unitary dual of U(A) shows that, in general, it is not 
generated by the restrictions of algebra characters to A. This is only true if 
A = Hom(„4, C) is totally disconnected (cf. |Au93j ) . 

The next step is to consider algebras of the form A = M n (C(X)), X a com- 
pact space. For X — {*} we have A = M„(C), and the classical Schur-Weyl 
theory implies that all irreducible unitary representations of U(„4) = U„(C) 
occur in some finite tensor product of the identical representation on C" and 
its dual. In general, U(^l) = \J n (C(X)), and the irreducible representations of 
the identity component of this groups are described in |NS101 Sect. 6]. Actu- 
ally jNSlOj deals with the group SU„(^4)o corresponding to su n (A), but since 
u n (A) = u(_4)©su„(„4), all irreducible unitary representations of U n (^l)o restrict 
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to irreducible representations on SU„(„4)o and the central subgroup \](A)q1 is 
mapped into Tl. In loc. cit. it is shown in particular that all irreducible rep- 
resentations factor through some homomorphism SU n (C(X)) — > SU„(C)' F ', in- 
duced by some evaluation map evp : C(X) — > C F , where F C X is a finite set. 
From the corresponding result for SU n (C), it thus follows that all irreducible 
bounded unitary representations of SU„(.4) embed in some tensor product of 
finitely many irreducible representations of A, which are given by evaluations 
ev x : M n {C(X)) -> M n (C) in points of X f |Dix64l Cor. 10.4.4]). 

In the present paper we analyze those irreducible representations of ~U(A) 
obtained from an irreducible algebra representation (71", H) by decomposing the 
tensor products U® n <g> (U*)® m under the action of \J{A). 

The main method of our investigation consists in using the information en- 
coded in the momentum sets of these representations. It is quite remarkable 
that, even in this situation of representations of infinite dimensional Lie groups, 
the data provided by the highest weight theory can be read off the extreme 
points of the momentum sets. Therefore, it eventually turns out that a mere 
look at suitable momentum sets in principle suffices for establishing whether two 
of these representations are equivalent. This approach to unitary representa- 
tions of V(A) connects naturally with the classical C*-algebraic methods. If tt is 
the restriction of an algebra representation tt: A — >■ B(H), then its momentum 
set I n can be identified with the state space of the C*-algebra tt{A) = A/ kern, 
hence contains no more information than the kernel of tt ( [NeOQI Thm. X.5.12]). 
The norm-closed momentum set /" can be identified with the normal state space 
of the von Neumann algebra tt{A)" = A** / kcr n** , where tt** : A** -> B(U) is 
the associated representation of the enveloping I / F*-algebra of A. Equivalently, 
/" determines the quasi-equivalence class of the algebra representation tt. 

Here follows a more specific description of the contents of our paper. Sec- 
tion [T] records general definitions, remarks and some auxiliary facts needed later 
on. We also introduce here the new notion of norm-closed momentum set for 
uniformly continuous representations of Banach-Lie groups. 

Section [2] includes an updated exposition on the irreducible representations 
of the unitary group U OC) ('H) consisting of the unitary operators on the Hilbert 
space T-L which are compact perturbations of the identity operator. The topics 
treated here are: highest weight theory, realization in tensor products, and ge- 
ometric realizations on line bundles over flag manifolds. Moreover, we include 
here the first applications of the momentum sets in representation theory of uni- 
tary groups, by proving that the unitary irreducible representations of V aD ('H) 
are distinguished from each other by their momentum sets. 

In Section [3] we extend these results to irreducible representations of unitary 
groups of C*-algebras. Thus, we obtain rather precise descriptions of the cor- 
responding norm-closed momentum sets and show that the extreme points of 
any of these momentum sets is a coadjoint orbit, just as in the case of compact 
Lie groups. This fact plays a crucial role for the applications we make to the 
problem of deciding whether two representations are unitarily equivalent or not. 

In Section [4] we use some basic notions of infinite dimensional convexity in 
order to get additional information on the extreme points of the momentum 
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sets, by looking at the continuity points of the identity map from the norm 
topology on a momentum set to the weak-*-topology on the same set. 

The paper concludes by two appendices. The first of them records several 
auxiliary results of a rather algebraic nature needed in the main body of the 
paper. The second appendix is devoted to a discussion on topological properties 
and extreme points for the orbits of certain infinite Weyl groups; these properties 
are needed in Section [3] and are also interesting on their own. 



1 Momentum sets of bounded unitary represen- 
tations 

The present section records the preliminaries for the results to be obtained later 
on. Throughout this paper, H denotes an infinite dimensional complex Hilbert 
space, B{H) the C*-algebra of bounded operators on H, and K{%) < B(H) the 
ideal of compact operators. Moreover, we denote by F(H) the ideal of finite- 
rank operators and by & P {H) the p-th Schatten ideal if 1 < p < oo, so that 
600(H) = K(H). Accordingly we write \J P (U) := U{U) ("1(1 + & P (H)) for the 
corresponding restricted unitary groups. We sometimes denote by wo the weak 
operator topology on B(7i), by SO the strong operator topology, and by w* 
the weak-*-topology of B(%) when it is thought of as the topological dual of 
&i(H) by using the trace pairing. More generally, for any Banach space X with 
the dual X' and any subset A C X' we denote its norm-closure by A and its 

weak-*-closure by A 

In this note we only consider unitary representations (tt, H) of a Banach-Lie 
group G which are bounded in the sense that n : G — > U('H) is a morphism of 
Banach-Lie groups, which is equivalent to 7r being continuous with respect to 
the operator norm on U("H). Then the derived representation d7r: q — > u(TL) is 
a morphism of Banach-Lie algebras, and we have the momentum map 

: F{H) = {[v] =Cv:0^veH}^ 3 ', **([«]) (a:) := ! &}Zh*t 

1 {v, v) 

corresponding to the Hamiltonian action of G on the Kahler manifold P(H). 

Remark 1.1 One can provide as follows an alternative description for the mo- 
mentum map, which is specific to the case of the bounded representations. For 
every v G T-L \ {0} let us consider the corresponding rank-one orthogonal projec- 
tion P v = T[£vr(',v)v G B(H). Then [v] M> P v is a well-defined U(%)-equivariant 
diffeomorphism of ¥(H) onto the coadjoint orbit of U(%) consisting of the rank- 
one orthogonal projections on W. It is easily seen that 

(VM G F(H)) $ ff (M) = -iTr (dTr(-)P,) G Q 1 . (1) 

If we denote by Hermi('H) the space of self-adjoint trace-class operators on H, 
then it follows by the above formula that the momentum map extends to a 
bounded linear map ^ : Hernn('H) -)• fl', ^(T) = -iTr (d7r(-)T). The latter 
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map is the dual dir' : vl(%)' — > g' of the derived representation, restricted to 
Hermi(H), considered as a subspace of u(H)' . 

Definition 1.2 The norm-closed convex hull 

1% := c5W n (im($ 7r )) C q' 

of the image of the momentum map is called the norm-closed (convex) 
momentum set of it, while the weak-*-closed convex hull 

J w :=co5v"'*(im($»)) Q q' 

is called the (convex) momentum set ofir. It is clear that /" is a weak-*-dense 
subset of the weak-*-compact set I„. 

For later use we now record a lemma which applies in particular to unitary 
groups of C*-algebras and shows the significance of the momentum sets in the 
framework of the contractive representation theory of |Pa83j and |Pa87j . 

Lemma 1.3 Let G be a Banach-Lie group with the Lie algebra q. Assume that 
the topologies of G and q are defined by a left invariant metric d(-, ■) and a norm 
|| • ||, respectively, such that 

r- \ v d(exp G (tx),l) 
[vx £ g) limsup < ||x||. 

Then, for every bounded representation 7r: G — >• U(H), we have 

sup{|| M || : M £J,}= ||d7r|| < sup{ IK(gl) ~ n [ 92)l1 : 9l ,g 2 6 G, gi^g 2 }. 

1 u\gi,g2) > 

Proof. Let us denote the rightmost side of the above quantities by L^. Since 
the metric on G is left invariant, it follows that 

r Kg) -i|| x 

iw = SUP i d(g,l) ;1 ^ £G j- 
Now let x € 2 arbitrary and define 

7: R -> U(-H), 7(i) = 7r(exp G (ix)) = exp(td.7r(x)). 
Then (Mi) — 1|| < L v ■ d(exp G (tx), 1) and dTr(x) = lim ~ OyCt) — 1), hence 

t-s-0 

lldTT^H < L ff Umsup d(eXPG(te) ' 1) < L*\\x\\. 
Thus ||d7r|| < L n . 

Finally, the equality sup{||/x|| : fi E I n } = \\dn\\ is a direct consequence of the 
fact that \\A\\ = sup{\(Av,v)\/(v,v): O^v £H} whenever A = A* e B(U). ■ 
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Below we discuss two key examples of momentum sets (see also Corollarv ll.7l 
below) . 

Examples 1.4 (a) To a trace class operator T G &i(H) we associated the 
continuous linear functional ipx(X) :~ — itr(TX) on u(TL) and recall that the 
set of normal states of the von Neumann algebra is the set 

S := S*(B{H)) = {ii/j s : S* = 5,0 < S,tiS = l}. 

The set S(B(7i)) of states of the C*-algebra B(TL) is much larger and contains 
elements vanishing on the ideal K{%) of compact operators. 

(b) Let idu(w) be the identical representation of the full unitary group U(H). 
We claim that 

*& u(Ti3 = - iS W(-U) and I idvm = -iS{B{U))\ u(H) . 

Since the convex U(H)-invariant set S separates of points of B(TL), it is weak- 
*-dense in S(B(H)) (cf. [Se49] ; [NeOOl Thm. X.5.13]). Therefore we only have 
to determine the norm closed momentum set. 

For t±, . . . , t n G [0,1] with t\ + ■ ■ ■ + t n = 1, unit vectors vi, . . . ,v n G H and 
X G u(H), we have 

n n 

$>$id u(w) (N)(X) - -i^iXv^Vj) = -zTr(XT) - Vt(X) 
i=i j'=i 

n 

where T := tj{'T v j) v j i s a finite-rank operator in 5. Since the set of these 

operators is norm dense in 5, our claim follows. 

(c) For the identical representation of Uoo('H), we claim that 

^UaoCH) = ~ ilS luoo(W)- 

The same argument as in (b) implies that 1^ = — *<S| Uoo (%). If % is infinite 
dimensional, then this set is not weak-*-closed because is contained in its weak- 
*-closure. In fact, for every orthonormal sequence (e„)„ £ N in H, the sequence of 
projection operators P n = (•, e n )e„ in Hermi(H) = u 00 ('H)' converges to in the 
weak-*-topology since Xe n — > holds for every compact operator X G K(H). 
As the set of all non- negative hermitian trace class operators with ||5||i < 1 is 
weak-*-closed, it follows that 

tuu-m ={^s:S* = S,0<S,tvS= \\S\\i < 1}. 

Proposition 1.5 If"/: G\ — > G2 is any morphism of Banach-Lie groups and 
(7r,H) is a bounded representation of G\, then 7 7ro7 = {tp o d7 : tp G 1^}. 

Proof. The mapping q' 2 —> g[ , tp 1— > tp o dir is continuous with respect to the 
weak-*-topologies, hence it takes the compact set 1^ to a compact set. Since 
the latter compact set is clearly contained in I v0 -y and contains a weak-*-dense 
subset of In-07, the assertion follows. ■ 
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Corollary 1.6 For a bounded representation of the Banach-Lie group G, the 
following assertions hold: 

(i) We have I v = {-iip o dn: if) £ S{B{U))}. 

(ii) //tt(G) C Uao(H), then I* = {-iipodir: V £ S*(B(H))}. 

Proof. Use Proposition [T75] along with Examples [O] ■ 

The next corollary shows that the momentum set of a representation of a 
unital C*-algebra ( [NeOQl Def. X.5.9 and Thm. X.5.13(iii)]) coincides with the 
momentum set of the corresponding representation of its unitary group. 

Corollary 1.7 Consider a unital C* -algebra A C B(H) with the tautological 
representation of its unitary group denoted by idrj(^) : U(.A) — s> B{T-L). The 
momentum set of this representation is Iid vw = {— i^\u(A) '■ V' £ S(A)}. 

Proof. The assertion follows by Corollary II. 61 along with the fact that every 
state of A extends to some state of B(H) (cf. |Dix64j ). ■ 

We now state a consequence of Corollarv ll.6l on extreme points of momentum 
sets for a special class of bounded representations. 

Corollary 1.8 If G is a Banach-Lie group and ir: G — > Uoo('H) a bounded 
representation, then for every extreme point A £ 1^ there exists a unit vector 
v G 'Htt such that X(X) = —i(dir(X)v,v) for every Xgg, i.e., 

Ext(7 7r ) C im($ 7r ). 

Proof. It follows by Corollary 11.6( h) that 1^ is the image of the weak-*- 
compact convex set 5* (£?(%)) by the afhne transform ip H > —iip o dir. Then 
every extreme point of I n is the image of some extreme point of S*(B(H)). 
Since every normal pure state of B(TL) is of the form T i— > (Tv, v) for some unit 
vector v £ W^, the assertion follows. ■ 

Dual Banach-Lie groups and normal representations 

Definition 1.9 (a) By dual Banach-Lie algebra we mean any pair (g,g*) con- 
sisting of a Banach-Lie algebra g and a closed linear subspace g* of the topo- 
logical dual g' such that for every continuous linear functional -0 : g* — > K there 
exists a unique element x$ £ g such that tp(£) = £(&,/,) for every ^ £ g'. If this 
is the case, then we have a linear topological isomorphism (g*)' ~ g, ip h-> x^. 
Therefore g* is called a predual of g and it makes sense to speak about the 
weak-*-topology of g. The predual will be fixed in what follows, and it will be 
omitted from the notation, for the sake of simplicity. 

(b) If g is the Lie algebra of some Banach-Lie group G, then G is said to be a 
dual Banach-Lie group. By a normal representation of G we mean any bounded 
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representation 7r: G — > U(%) whose derived representation d7r: g — > u(H) has 
the property that its adjoint d7r' : u(H)' — > g' maps u(%)* :— i Hermi (H) into g* . 
This is equivalent to cbr being continuous with respect to the weak-*-topologies 
on g and u{%). 

Example 1.10 For every W-^-algebra M. with predual .M», the unitary group 
\J(A4) is a dual Banach-Lie group with respect to the predual 

u(X)* := {ip G M* : ip* = -ip}. 

This applies in particular to M. = B(H) with M.* = &i(Ti). The restriction of 
a normal representation 7r: .M — to the unitary group defines a normal 
representations of the dual Banach-Lie group \]{M). 

Lemma 1.11 For a dual Banach-Lie group G, the following assertions hold: 

(i) For every normal representation n: G — > U('H) we have /" C g,. 

(ii) Let a be closed subalgebra of g and A = (exp G (a)) C G be the corresponding 
integral subgroup, endowed with its canonical Lie group structure. Denote 
by a* the linear subspace of the topological dual a! consisting of the weak- 
*-continuous functionals. If the topology of g is defined by a norm such 
that the unit ball of a is weak-*-dense in the closed unit ball of g, then 
the restriction mapping R a : g* — >• a* ; £ H> £|„, is an isometric linear 
isomorphism and for every normal representation ir: G — > U(H) we have 
H a (/») = ^ |A Ca*. 

Proof. (i) For every v G H \ {0} let us consider the corresponding rank- 
one orthogonal projection P v = j^j(-,v)v G B{H). Then Remark 11.11 shows 
that = — iTr (d7r(-)P„). Since n: G — » B(H) is a normal representation, 

^([u]) G g*. The predual g» is a norm-closed linear subspace of g', hence the 
norm-closed convex hull /" of the image of $ w is contained in g„ . 

(ii) The hypothesis that the unit ball of a is weak-*-dense in the closed unit 
ball of g entails that for every £ G g* we have ||£|| = ||£| fl ||< Thus the restriction 
mapping R a : g* — > a* is an isometry, and in particular its range is a closed 
subspace of a'. Moreover, since, every weak-*-continuous linear functional on 
a extends to a weak-*-continuous linear functional on g by the Hahn-Banach 
theorem, the restriction map R a : g» — » a* is onto. 

On the other hand, it follows directly from the definition of the momentum 
maps that for any normal representation tt: G — > V(H) we have = R a °§ir- 
The fact that R a : g» — > a* is an isometric linear isomorphism implies that 
it commutes with the operation of taking the norm-closed convex hull. This 
proves (ii). ■ 

Proposition 1.12 Let A4 be a W* -algebra with a weak-*-dense unital C* - 
subalgebra A C M. . Then the following assertions hold: 
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(i) If it: U(A / I) — > U(H) is a normal representation, then the restriction map- 
ping R u (a) : u(.M)* — > u(„4)* is an isometric linear isomorphism satisfying 



T\U(.A) 

(ii) // 7Tj ■: U(A / I) — > U(Hj), j = 1,2, are normal representations such that 
^i\v(a ) ^ ^2\ V (A ) f or some weak-*-dense unital C* -subalgebra Aq C A4. 
then J" , i J n °i as well. 

Proof. (i) According to Kaplansky's Density Theorem for the weak-*-dense 
C* -subalgebra A C A4, it follows that the unit ball of A is weak-*-dcnsc in the 
closed unit ball of M. (see for instance Thm. 4.8 and the comment following its 
proof in (Ta02, Ch. 2]). It is then clear that a similar assertion holds for the 
self-adjoint parts of the unit balls. Now the assertion follows by Lemma [TTTT^ ii). 
(ii) Since J n , is weak-*-dense in the momentum set . IT , , , for 7 = 1,2 

and I w , \ . . , ^ ImU,, , » , it follows that J" , ^J? 

^1\U(A ) I T2|U(^ )' Xl\ V (_A a ) ' T2|u(A ) 

On the other hand, by using (i) for both A and Aq, we get the isometric 
linear isomorphism 

R := R U{A) o (i?^))- 1 : u(A)* -> u(A4)* u(X)* 

with R(I n , ) = I n , for 7 = 1,2. Since we have already seen that 
7 n ^ I n , , it then follows that I n , ^ J n , ■ 



2 Irreducible unitary representations of Uoo('H) 

In this section we provide a brief review of the irreducible representation theory 
of the unitary group Uoo(H), thereby updating Kirillov's classification in |Ki73] 
by using the Lie theoretic tools available nowadays in infinite dimensions: the 
momentum sets, the highest weight representations, and their geometric real- 
izations in line bundles over flag manifolds. In particular, we show in Proposi- 
tion [52] that two of the aforementioned irreducible representations are unitarily 
equivalent if and only if their momentum sets coincide. The discussion of the 
present section prepares the ground for more general results in representation 
theory of unitary groups of C*-algebras, which will be obtained in the next 
section. 

Highest weight theory 

Bounded unitary representations of Uoo(H), or, equivalently, corresponding 
holomorphic representations of the complexified group 

GLooiH) = GL(H) n (1 + K (H)), 

have been classified for general Hilbert spaces TL in Ne98] , where it is also 
shown that they all decompose as direct sums of irreducible ones and that the 
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irreducible ones are highest weight representations (n\,H\). To make this more 
precise, we choose an orthonormal basis (ej)j e j in H, so that V. = £ 2 (J,C). 
Then the Lie subalgebra t of diagonal operators in Uoo(%) is maximal abelian 
and, as a Banach space, isomorphic to cq(J, K). The corresponding subgroup 
T = exp(t) = co(J,M)/co(J,Z) = co( J, R)/Z( J ' is the analog of a maximal torus 

in v^n). 

Definition 2.1 (a) The Weyl group in our setting is the group of finite permu- 
tations of J, and we denote it by W = S(jy It acts naturally by composition 
on the set Z J of Z- valued functions on J. 

The group of weights is V — i 1 {J,1i) = lS J \ that is, the additive group of 
all finitely supported functions A: J — > Z, j i— >■ A,-. It can also be identified with 
the character group of the Banach-Lie group T = exp t by assigning to A the 
character given by Xx{t) '■= Yije j ^ ■ We write Ej G V for the function defined 
by £j(k) = S jk . 

For every A G V we write X± := max(±A, 0), and we thus obtain a decom- 
position A = A+ — A_. For every A G V we denote by [A] = WA the orbit of A 
with respect to the natural action of W on V, and write V/W := {[A] : A G V} 
for the set of W-orbits in V . 

(b) Each A G V defines a continuous linear functional in t' = ^ 1 (J, K), and 
there exists a unique unitary representation (ttxjHx) of Uoo('H) whose weight 
set is given by 

V x = conv(WA) n V, (2) 

(see [Ne98]). Here the uniqueness implies in particular that 7r M — i^x for M G WA, 
so that the equivalence classes of these representations are parametrized by the 
orbit space V/W. 

Let 

k 

Part(n,fc) := |a = (Ai,...,A fe ) G N k : Ai > . . . > A fe > 0, ^ Aj ; = nj 

3=1 

be the set of partitions of n G No into fc pieces and put 

Part(n) := (J Part(n, fc). 

k<n 

The following theorem explains how pairs of partitions parametrize the 
equivalence classes of bounded unitary representations of Uoo(W)- Below we 
shall briefly discuss how this fits Kirillov's classification of the continuous uni- 
tary representations of U 00 ('H) for the case where % is separable ( |Ki73j ) . 

Theorem 2.2 IfH is an arbitrary infinite dimensional complex Hilbert space, 
then the following assertions hold for the representations (ttx)x€V of\J 00 (T-L). 

(i) For A, n G V we have ttx = 7r M if and only if ' /i G WA. 
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(ii) There exists a bijective map 



V/W |J Part(n) x Part(m), [A] ^ ((m^) k >i, (m£~)k>i) 



where m£ := \{j G J : Xj = k}\ whenever A G V and k G 1 \ {0}. 
(iii) For every X £ V we have tt\ = tt\ + ® ir* x . 
Proof. (i) From © and the fact that 



is the set of extreme points of conv(V\) ( |Ne98[ proof of Thm. 1.20]), it fol- 
lows that the equivalence class of the representation determines WX because it 
determines its weight set. 

(ii) It is easy to see that the Weyl group orbit of any A G V is uniquely 
determined by the numbers m\ with k G Z \ {0}. The property /i G WA is 
equivalent to fi± G WX±. For A > 0, the number n\ := J2je.J ^3 ^ s an invariant 
of the Weyl group orbit and A describes a partition of n\ into m\ := J^k m k 
summands. We thus get a one-to-one correspondence between partitions of 
n G N and the set of Weyl group orbits in the set {A G Z( J ) : A > 0,71a = n}. 
This leads to the asserted bijection. 

(iii) This was already noted in |O190[ Subsect. 2.14] for separable Hilbert 
spaces; see also |NeOQ[ Prop. IX. 1.15] for an algebraic version. 

The present assertion can be obtained as follows. It is straightforward to 
check that the unitary representations n\ and tt\ + ® have the same sets of 
weights and they are highest weight representations as in |Ne981 Def. 111.6(c)]. 
Moreover, tt\ is an irreducible representation. Therefore, due to the fact that 
the irreducible highest weight representations are uniquely determined by their 
sets of weights (see |Ne981 Cor. 1.15]), the assertion will follow as soon as we 
have proved that the unitary representation n\ + ® 7r^_ is irreducible as well. 

To this end, denote by £ the family of all countable subsets of S C J with 
supp ACS. For every S G S denote U s = ^{S, C) ^ t 2 {J, C) = U and use the 
orthogonal decomposition % — Hs ffi T~is *° construct the natural embedding 



It then follows that the directed union of subgroups Uses QLoo{7~Ls) is dense 
in the Banach-Lie group GL oc (?^), since the closure of the range of any com- 
pact operator is a separable subspace. If v± G H\ ± is a primitive vector for 
the highest weight representation 7r\ ± , then NcOO, Prop. IX. 1.14] shows that 
k\ ± ,s : GL QO (Hs) — > GL(H\ ±i s) is an irreducible highest weight representation 
of GLooffls) with highest weight A±, where Hx±,s stands for the closed linear 
subspace of %\ ± generated by it\ ± (GL 00 ('Hs)) v \± ■ Since "Hs is a separable 
Hilbert space, it follows by the aforementioned remark of [0190, Subsect. 2.14] 
that the representation 7Ta + ,s<8>7t^ s of GL co ('Hs) is irreducible for each SeE. 
Then -k\ + ®k* x _ is an irreducible representation of GL 00 ('W) by Proposition lA.5[ 
and this completes the proof, as discussed above. ■ 



WA = Ext(conv(WA)) = Ext(conv(P A )) 



(3) 
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For any A E V let I\ C Uqo('H)' — Hcrmi('H) denote the momentum set of 
7r\. Then /a is a weak-*-closed bounded convex subset, hence weak-*-compact. 
This implies that the projection map 

Pt-.u^ny = e\j,R), 

maps I\ onto a weak-*-closed compact subset of t, which therefore coincides with 
the momentum set of the representation tt\\t of the diagonal group (Proposi- 
tion [T3]). Since this representation decomposes into weight spaces, ([2]) leads 
to 

Pt(lA)=4Jt = conv™*(>VA)=:co(A). (4) 

Lemma 2.3 If A, p: J — > R are finitely supported with p g" WA, i/ien we /iawe 
co(A) 7^ co(/i) /or i/ie weak-* -closed convex hulls of the Weyl group orbits in 

Proof. First we observe that A _1 (0) fl /i _1 (0) is cofinite in J, which implies 
that there exists a partial order < on J for which A : J — > Z is non-increasing 
and for p the set {(i,j): i < j,fii < pj} of inversions is finite, so that Wp 
contains a non-increasing element, and we may w.l.o.g. assume that p is also 
non-increasing. Then 

J = J + UJ UJ_, J+ < J < 

where A and p vanish on J , are > on the finite set J + and < on the finite 
set J_. 

As we have seen in the proof of Theorem 12.21 p WA implies that ei- 
ther p + g" WA + or pi- £ WA_. We assume without loss of generality that 
p+ <j£ WA+. Since WA+ = Ext(conv(WA+)) by ©, we then either have 
p+ conv(WA+) or vice versa. We assume that p + conv(WA+). Then 
the Schur Convexity Theorem implies that there exists a minimal jo E J+ with 

m < E 

j<jo j<ja 

Put Xj = 1 for j < jo and Xj = otherwise and note that x has finite support 
and satisfies X(x) < p(x). For any other element A' E WA, the difference A — A' 
is a sum of positive roots £j — Sj, i < j, so that x\ > Xj for i < j, implies that 

fjt(x) > X(x) > X'(x) 

(see Lemma iB.lj) . We conclude that p is not contained in the weak-*-closed 
convex hull of conv(WA) in ^ 1 (J, R). The other cases are treated similarly. ■ 

Proposition 2.4 If X, \i £ V and tt\ ^ tt^, then the corresponding momentum 
sets I\ and 1^ in u 00 ('H)' are different. 

Proof. If tt\ and 7r M are not equivalent, then p g" WA fThcorcm l2.2p . so that 
the preceding proposition implies that the weak-*-closed convex hulls of WA 
and Wp in ^ 1 (J, R) are different. In view of (Q}, this leads to Pt(I\) ^ Pt(Ifi), 
which implies in particular that I\ =^ 1^. ■ 
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Realization in tensor products 



To match the highest weight approach from [Ne98j with Kirillov's classification 
in terms of Schur-Weyl theory (|Ki73 ), it suffices to explain how the represen- 
tation tt\ with highest weight A > occurs in the decomposition of some tensor 
product H® n (cf. Theorem EJJiii)). 

Let n := n\ — J2je,J -\? an< ^ suppose that A £ Part(n, k). Then A defines 
a Ferrers diagram (shape), containing Xj boxes in the jth row (cf. [GW98, 
Sect. 8.1.2]). A tableau of shape A is a bijective assignment of the integers 
1, . . . , n to the boxes of A. Clearly, the group S n acts simply transitively on the 
set Tab(A) of all tableaux of shape A. 

We may w.l.o.g. assume that N C J, so that we have orthonormal vectors 
(ej)j G N in H. For T S Tab(A) we set ij = r if j occurs in the rth row of T and 
define 

e T := e h <g> • • • ® e in £ H® n . 
The Young symmetrizer s(T) £ C[S n ] is the product s(T) = c(T)r(T), where 

r ( T ) = ^2 a and C ( T ) = ^2 Sgn(cr)er, 

and Ct — Yi ^ S n is the subgroup preserving the column partition of 
{l,...,n} and Rt is the subgroup preserving the row partition. Then c(T) 
projects V® n onto the subspace 

A Al (H) <8> ■ ■ ■ ® A Afc (U) 

and from GW98] Lemma 9.3.1] we derive that ^ c(T)er is a vector of weight 
A, fixed by the group N of upper triangular matrices in GL(%) with respect 
to any linear order on J for which 1, . . . ,k come first (so that A = (Ai, . . . , A&) 
defines a dominant weight). Moreover, 

M x := Cc(T)e T 

T£Tab(A) 

is an S'n-submodule of isomorphic to the multiplicity space of the highest 
weight representation Tff of GL(H) in H®" (cf. [GW98I Prop. 9.3.4, Thm. 9.3.9] 
and Appendix |A1 . 

Flag manifolds 

Let (ej)jgj be an orthonormal basis in H and A: J —> Z be finitely supported, 
so that 

D x :=Y\ 3 (-,e )ej 
jeJ 

is a hermitian finite rank operator, hence in particular of trace class, so that we 
get a continuous linear functional 

ipx := ^d x : B(n) -> C, Va(T) = -iTr (D X T). (5) 
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If H n := ker(D\ — nl), n G Z, denotes the eigenspaces of D\, then the 
assumptions on A imply that only finitely many are non-zero and only Hq = 
kerD\ is infinite dimensional. 

We write 

A/a := {X G B{U) : (Vn G Z) XH n C ^ H m ) 

for the subalgebra of B(H) consisting of the operators which are block strictly 
upper-triangular with respect to the spectral scale of the self-adjoint operator 
D\ and note that 

{D x y = {X G B{H) : (Vn G Z) C H„} 

is the commutant of {D\}. It is easily seen that we have a triple decomposition 
for B(T~L) given by the direct sum decomposition 

N , x®{D x y®Mx=B{7£). (6) 
Let N := || A|| oo- Then the eigenspaces W n of D\ define the finite flag 

F = (F-n, ■ ■ ■ , F{f), Fk := ^ T-Lk 

n<k 

of closed subspace of T-L. The space Grjr := QL(H)J- = GL(%) / Pjr is called the 
corresponding flag manifold. Here 

Pt ■= (A6v © {£a}') X GL(H) : (Vn) 3 F„ = F n } 

is the stabilizer of J 7 . Since its Lie algebra pjr = A/a + {-Da}' is complemented 
by the closed subspace Af£, Grjr carries the structure of a complex Banach 
manifold for which the quotient map GL(T-i) — ► Grj^g i— > gj 7 is a holomorphic 
submersion. 

It is easy to see that a flag T' = (F!_ N , . . . , F^) of closed subspaces of W. is 
contained in Gr?r if and only if 

dim F n = dim F' n for n < and dim i 7 ^ = dim F'^~ for n > 

and hence that the subgroup Uoo(H) C \J(H) act transitively on Gr?r. 
The stabilizer of F in U(K) is 

\J(H)r = U(W) A := U(H) n {£ A }' = G U(K) : (Vn) uH„ - H n }, (7) 

so that Grjr = U(H)/U(H)a is a Banach homogeneous space of \J(H) (and 
similary of V 00(H)). 

Now let 7?^: GL(%) — > B(H\) be the canonical extension of the highest 
weight representation corresponding to A as in |Ne98l Cor. III. 11 and Thm. III. 15] 
and pick a unit vector v\ G H\ of weight A. 

In the following theorem, we shall use the realization of a Hilbert space by 
holomorphic sections of a line bundle: 
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Remark 2.5 If T-L is a complex Hilbert space, then its projective space ¥(H) is 
a complex Hilbert manifold. Moreover, there exists a holomorphic line bundle 
q: L-h — > P('H) with the property that for every non-zero continuous linear 
functional a E "H* we have on the open subset U a := {[v] E P('H) : a(v) ^ 0} a 
bundle chart 

<A*: (I^)k a -> #a x C 
such that the transition functions are given by 




for Q^a,(3Gn*. 



This implies that each Oj^veH defines a linear functional on the fiber (L^)[„j 
by 

which further implies that (L-^)^ = [v], i.e., is the tautological bundle over 
P(H). 

The complement of the zero-section of is equivalent, as a C x -bundle, to 
the projection % \ {0} — > P("H) by the map p a ([v],z) h-> za ^^ . This identifi- 
cation can be used to show that the natural map 

V-.-H* ->r(L«), *(«)([«]) = ^ 1 ([«],|^) for 0(v)^O 

defines a linear isomorphism (see |Ne01[ Thm. V.4] for details). 

As the group U(W) acts smoothly by holomorphic bundle isomorphisms 
on L-h, this construction shows that the unitary representation tt* : U('H) — > 
\J(H*), given by 7r*(<7)a = a o 7r(g)* can be realized in the space r(L%) of 
holomorphic sections of L-h . 

To realize the identical representation on T-L itself by holomorphic sections, 
we simply exchange the role of H and H*, which leads to a U("H)-equivariant 
isomorphism % — > r(L^*). 

We now establish a partial generalization of [NelOl Prop. 7.2]. 

Theorem 2.6 TTie following assertions hold: 

(i) For every l6j)j= A/J ffi {-D A }' we ftaue 

d5f£(.X> A = ^(JQnj tottft ^a(A) = /or le^, (8) 
and (6n%{X)v\,v\) — /or A E A/a- 

(ii) For a\(w) := (w,v\), we obtain a holomorphic equivariant map 

n: V(H)/\J(H) X * GL(H)/P A £* Gr^ -> P(H A ), uT h> [K* x (u)a x ] 

and i/L A := 17* Cu* x * s fie pullback of the canonical line bundle on P('H^) 
wif/i rhoi(jC-H*) = H\, then C\ is U (T-L) -equivariant and we obtain a real- 
ization of T-L\ as a Hilbert space of holomorphic sections of L A . 
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(iii) The coadjoint \]{%)-orbit (D^ x of i/j\\u(h) * s a homogeneous Banach man- 
ifold isomorphic to Grjr with a U("H) -invariant strong Kahler structure, 
and we have 

%*([ u a]) = V>aIu(M) and h x = conv™ (0^ x ). 

Proof. (i) For j,k S J, the operators Ej k := (-,e k )ej are eigenvectors for 
the adjoint action of the diagonal subgroup T C U 00(H) introduced above. The 
corresponding characters t 1— > tjtr are pairwise different, so that the set of 
T-finite elements of fll(H) is the Lie subalgebra 

fl[( J, C) := span{E jfe : j,ke J}. 

Let < denote a linear order on J for which A is non-increasing and write A + := 
{Ej — e k : j < k} for the corresponding positive system. Then Ejk, j < k, are 
positive root vectors and v\ £ TL\ is a highest weight vector for g[( J, C) with 
respect to A+ (cf. |Ne981 Prop. III]). Hence dTr^(E jk )v x = for j < k and 
<&x{ E 3i)v\ A,r A . 

The operator £7jfc is contained in pjr if and only if \j > Afe, which implies 
j < fc. Hence the preceding observations prove (i) for X G Ql(J, C) (~l p^r. The 
general case now follows from the fact that both sides of ([5]) are continuous with 
respect to the strong operator topology on gl(H) with respect to which g[( J, C) 
is dense in gl(H). Actually X = £\ keJ (Xe k ,ej)Ej k converges strongly. 

For X e A/a we finally obtain (d^ (A> A , w A ) = (u A , d7r^(A*)u A ) = 0. 

(ii) Since the subgroup P x C GL(H) is connected, (i) implies that v x is an 
eigenvector for the group 

/'a : !'/ :.'/•; /\! 

with Lie algebra pjr = Aa©{-Da}'- Therefore (ii) follows from |Nel01 Thm. 5.11]. 

(iii) For every X 6 u(H) we have $ ?A ([w A ])(A) = -i{dw x (X)v x ,v x ). The 
equality $^(N) = V>a| u («) follows by (i) and A/a © {£>a}' © A" A * = 5(H). 

In view of (ii), the equality = conv 1 " (0,/, A ) now follows from |NelQ[ 
Thm. 5.11(c)]. 

As the momentum map $j A is U(H)-equivariant and the stabilizer of tp\ is 
U(H)a, the stabilizer of [v\], resp., [a\] in U(H) coincides with XJ(%)\, so that 
U(H)[ti A ]SU(«)/U(«)jSO^. 

It remains to show that the complex structure on 0^ A , together with the 
canonical symplectic form, defines a strong Kahler structure, i.e., that the cor- 
responding quadratic form on T^ x (0^ x ) is positive definite and defines a com- 
plete metric. For the complex structure I on T^, A (0^ A ) = Af x we obtain for 
•V /■ /■ ■ /■ Ea x. z jk E s t ' A' x : 

MIX, IX}) = iJj x ([Z - Z\ i(Z + Z*)] = 2ii> x {[Z, Z*]) = 2 Tr(D x [Z, Z*]) 
= 2 £ \zjk\ 2 Tr(D x [Ej k ,E k j}) = 2 £ \z jk \ 2 (\ 3 - \ k ) 

> 2 ^ |z jfe | 2 >0. 

Xj >Xk 
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This shows that T^(O^) is complete with respect to the Hilbert norm 
$!\([X, IX]) 1 / 2 , and this means that the Kahler structure on 0^ x is strong. 

■ 

In connection with Theorem 12.61 we note that a different description of 
the geometric realization can be obtained by the approach of B G08] that uses 
reproducing kernels on line bundles. 

Remark 2.7 Let 7? C U2CH)' = 112(H) denote the closure of 7™ with respect to 
the Hilbert-Schmidt norm. Then 7| is a closed convex U(H)-invariant subset 
of the Hilbert space U2("H)' containing 7". Since U(H) acts by isometries of the 
Hilbert-Schmidt norm and closed balls in a Hilbert space are strictly convex, 
the orbit 0^ x is contained in the set of extreme points of 7|, and this leads 
immediately to 

C Ext(7 A n ). 

The same argument even implies that 0^ x consists of exposed points of 7™ 
because each element of the orbit defines a norm continuous linear functional 
on Uoo(H)'. 

On any bounded subset of u 2 (%)' ', the weak-*-topology coincides with the 
weak-*-topology defined by the space F(H) C\\x(%) of skew-hermitian finite rank 
operators. Hence the weak-*-closure I\ of 7" in 112(H)' is also contained in 7|, 
and we obtain with the same argument as above the stronger assertion 

0^ x C Ext(7 A ). 

If /z <E I\ C 7 A satisfies £>t(/i) = A, then the fact that the projection onto 
diagonal operators is orthogonal in u 2 (77)' implies that ||/x||2 > ||A|| 2 whenever 
jtx 7^ A. On the other hand ||^|| 2 < ||A||2 for every /i S 7?, so that 

p- l {^x)fM x = {V>a}- 

Problem 2.8 (a) Does the group G = Uoo(H) act transitively on the subset 
$- A 1 (Ext(7 A )) of ¥{Ux)t 

(b) Does P(Ha) contain a unique complex G-orbit? This property is satisfied 
for irreducible representations of compact groups (cf. |NeOO[ Ch. XV]). Here 
Corollary 1 1 . 81 may be helpful. A natural first step may be to reduce the problem 
to T-eigenvectors by observing that every U(77)-orbit in P(77a) contains an 
element which is mapped into t' by the momentum map. 

Remark 2.9 (a) For X 6 Hernii(77) we write A k (X) for the corresponding 
operator on A k (H), considered as a representation of the Lie algebra &i(TL) (cf. 
|Ne98j ). If X = ]T\ x^E^ is diagonal, then 

s k (X) := sup P Spec(A fe (A)) - L k {( Xj )), 

so that the weak-* lower semicontinuous convex function on Hermi(?7) is 
the unique U(H)-invariant functional whose restriction to the diagonal is given 
by Lu- 
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Since the momentum set I x is invariant under conjugation with U(%), it is 
determined by the diagonal operators it contains. We know already that 

Pi(I\) = co(A) = 4 A | T , 

the fact that A e t' entails that I x n t 2 co(A). We therefore obtain with 
Lemma [BT2f i) 

ih = {Xe Herm^): (Vk) s k (X) < s k (D x ), s k (-X) < s k (-D x )}. 

(b) For the norm-closed momentum set, we obtain the additional necessary 
condition tr(Jf ) = tr(D\) = y\ Xj. Since pt is a contraction with respect to the 
trace norm (it is the fixed point projection for the action of the compact group 
T J of diagonal operators by conjugation), we find that 

If a unit vector v S T-L\ is written as a sum v — ^ Q v a of T-eigenvectors, we 
obtain 

$ -a|t(H) = IKH 2$ -a|t(KD = -iJ2\\v a \\ 2 a. 

a a 

Since the weight set V\ is norm bounded, this series converges in norm, which 
leads to 

7» x|T = -ico"(A). 

Taking into account that the right hand side is contained in we obtain the 
equalities 

Pt (iZ) = i: xlT = -ico n (X) = iZni 

With Lemma fB.2r ii) we now see that 

il^ = {Xe Hermi(K): (Vk) s k (±X) < s fe (±£» A ),tr(X) - tr(£> A )} 

because both sets have the same intersection with t' = ^ 1 (J, K). 

Remark 2.10 In the same spirit, one finds an explicit description of the cor- 
responding support functional 

s\(X) := sup(-id7r A p0) = sup{/ A ,^}- 

These are invariant continuous, positively homogeneous convex functions, hence 
in particular determined by their values on diagonal operators, where one should 
try to find a more explicit formula. For the fundamental representation on 
A k (H) we have s A = s k . 

Let < be a linear order on J for which A is non-increasing. If X — XjEjj 
is diagonal of finite rank, then X is W-conjugate to an element representing a 
non- increasing function J — > K, j i— > Xj . Then the relations 

WXCX-Cx and (C x , X) > 

imply that 

X(X)=sup(V x ,X) = s x (X). 

Using the weak continuity of s A , this formula provides a constructive way to 
calculate s x on every X £ u(TL) via approximation by finite rank operators. 
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3 From U^H) to C*-algebras 

In this section we describe the classes of unitary irreducible representations for 
the unitary groups of any unital C*-algebra which occur in the Schur-Wcyl 
decompositions of the tensor product representations (see Definition 13. ip and 
investigate their momentum sets. The information we obtain in Theorem [375] on 
momentum sets is sufficiently rich to allow us to conclude that these irreducible 
representations can be distinguished from each other by using their norm-closed 
momentum sets. Another important feature is that the extreme points of any of 
these momentum sets is a coadjoint orbit corresponding to the highest weight, 
just as in the case of finite dimensional Lie groups (see {NeOOj and |Wi92] V 

Throughout this section, A denotes a unital C*-algebra and (tt, H) is an 
irreducible ^-representation of A. 

Definition 3.1 For A G V, we write (tt\,T-1\) for the unique unitary represen- 
tation of V(H) extending the representation tt\ of U 00 ('H) ( |Ne98[ Cor. III. 11 
and Thm. III. 15]). This leads to a unitary representation 

tt^ :=n x oir\ v{A y. \J(A) -+V(H X ). 

From |Dix641 Thm. 2.8.3(iii)] we obtain: 

Proposition 3.2 For each finite dimensional subspace F CM and each unitary 
operator u G \J(F), there exists a g G U(„4) with 7r((/)|i? = u. In particular, 
n(g)(F)CF. 

Corollary 3.3 The group 7r(U(,4)) is strongly dense in U(%). 

Theorem 3.4 For A G V, the representation ir£ of\J(A) is irreducible and two 
such representations ir^ and are equivalent if and only if \i G WA. 

Proof. Recall n\ = Ylj^j Ar Since the representation of U(%) on 

(Theorem 12.21) is continuous with respect to the strong operator topology on 
U(M), the subgroup 7r^(U(.A)) is strongly dense in -k\(\J(%)) (Corollary 13. 3[) , 
hence has the same commutant. Therefore {ir^iHx) is irreducible. 

The same argument implies that the representations n\ and 7r M of U("H) 
and the corresponding representations ir^ and tt^- of U(„4) define the same set 
B\s(A)^f-Xi'rl l j) — i?u(«) ("Ha, "H^) of intertwining operators. We conclude that 
n x — ls equivalent to tt\ = tt^, which corresponds to /i G WA (Theorem l2.2p . 



The main point of the following theorem is that the representations ir^ can 
be distinguished from each other by their norm-closed momentum sets. 



19 



Theorem 3.5 Let (tt,'H) be an irreducible representation of the unital C* - 
algebra A on % = £ 2 (J,C) and A 6 "P. Then the following assertions hold 
for the unitary representation w£ of\J(A): 

(i) The unitary subgroup 7r(U(^4)) of acts transitively on the coadjoint 

orbit 0^p x . Let ip£ :— ip\ ° n an d write O^a for the coadjoint \]{A)-orbit 
°f - 0A 1 |u(yi) • Then the momentum set of is given by 

*«3*(N) =i>\ \u{A) and I n A = conv™* (O^a) . 

(ii) The coadjoint orbit O^a is norm closed in u(,4)' and is contained in the 

sphere centered at with radius |[A||i. Moreover we have 

O^A = I^a n Ext(/ 7r; 4 ) = Ext(/^). (9) 

(iii) For two such representations tt^ and tt^, we have 

J° = 1^ O^A = O^A WX = W M ~ TT^. 

Proof. (i) In the notation of the proof of Theorem 12.61 the coadjoint orbit 
= U(H)/U(H)a can be identified with the flag manifold Grjr. It there- 
fore suffices to show that ir(U(A)) acts transitively on Grjr. An application of 
Proposition 13.21 (see also |GK601 Thm. 1]) shows that for u € V(H) there exists 
g G 7r(U(.4)) such that g = u on the finite dimensional subspaces 

F- N C ... CF_i, F$ 2 Fj- D ... D 

Since both g and u are unitary operators, it then follows that gJ- = uT . 

To prove the second part of the assertion, we first note that the adjoint map 
{ n \u{A)Y '■ u (^)' - > u (-4)' satisfies [it\u(A))'^x = ^ A (Proposition [T3]) . It then 
follows by Theorem l2.6f ii') that 

Ki = H uM) )W""(0,fc) Cconv-*((7r| u( ^))'(0^)). (10) 

On the other hand, we have seen above that %(U(A)) acts transitively on 0^, A , 
and then it is straightforward to check that {irluiA))' ®tl>\ = ®ib A - Therefore 
I„a Cconv-*^). 

For the converse inclusion note that the equality = tt\ o 7r|u(^i) implies 
= {^\ U (A))' °®Tf\- Since (i) ensures that $^ a ([wa]) = ^a|u(%)> ^ then follows 
that $„..a([u;J) = ip\ \u(A)- Now, by using the U(.4)-equivariance property of 
the momentum map ^^f, we get the converse inequality I n A. 2 canv™ (O^a), 
and this proves (i). 

(ii) The natural isometric isomorphism u(H)* ~ Hermi(H) takes 0^ x onto 
the unitary equivalence U(%)-orbit Od x °f the finite-rank operator D\. Since 
D\ is a self-adjoint finite-rank operator, it generates a finite dimensional C*- 
algebra, and then it is well known that Od x is norm-closed in B(T-L); see for 
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instance iVo76, Prop. 2.4]. Then Od x IS m particular a closed subset of the 
Banach space Hermi(77). (In the case A > 0, this was also noted in [AK06, 
Prop. 3.1(iv)].) Also note that Od x coincides with the unitary equivalence 
U(„4)-orbit of the finite-rank operator D\ by the transitivity theorem |GK60[ 
Thm. 1]. 

Now apply Proposition [02 for M — B(H) and the normal representation 
7?a : U(77) — > \J(H\). It then follows that the U(.4)-orbit O^a is the image of the 
norm-closed set Od x by an isometric isomorphism R^{A) '■ u(M.)* —> u(A)*, and 
u(.4)* is a closed linear subspace of the topological dual u(A)'. Therefore O^a is 
norm closed in u(A)' . The assertion on the sphere containing O^a follows since 
the aforementioned isometric isomorphism takes tp't to Da and ||7)a||i = ||A||i- 

In order to prove ©, note that, due to Proposition ll.l2l and to the isometric 
isomorphism used above, it actually suffices to show that 

Dx =I%n Ext(7 A ) = Ext(7£). (11) 

where we use the notation 7 A = and 7" = 7™ A = 7~ C — iHerm.i('H) as 
in Remark I23I The inclusion Dx C 7£ n Ext(7 A ) follows by Remark |2"T71 and 
it is clear that If n Ext(7 A ) C Ext(7£). To prove that Ext(7£) C Dx , let 
X £ Ext (7") arbitrary. Since the set Ext (7") is naturally acted on by the full 
unitary group U(77) and X £ Hermi(W), we may assume that X £ 7" fit, hence 
X £ Ext(7£ nt). Then Remark [231 shows that iX £ Ext(co n (A)), and now 
leOflj as a consequence of Proposition IB. 71 

(iii) We know from Theorem 13.41 that the representations ir^ and tt^ are 
equivalent if and only if WA = Wii, and if this is the case, then O^a = O^a. 
Now let us assume that the latter equality of coadjoint U(^4)-orbits holds. Then 
there exists u £ U(.A) such that ^\ = ^ o Ad u ( W ) (tt(u)) on n(u(A)). Since ir(A) 
is dense in B(T-L) in the weak operator topology and both sides of the above 
equality are continuous with respect to this topology, it follows at once that 
ipx = ip/i ° Ad u («)(7r(tt)) on B(H), which leads to D\ — t:{u)~ 1 D^tt{u). Both 
D\ and 7? M are self-adjoint diagonal operators, with the spectra (including the 
spectral multiplicities) described by the functions A, fi: J — V Z. That D\ and 
are conjugate implies that, for every n £ Z, we have |A _1 (n)| = |/i _1 (n)|, and 
since these numbers are finite for n ^ 0, we obtain fi £ WA (cf. Theorem l2.2[) . 

Finally, if we have 7™ A = I™ A , then (ii) above shows that O^a — O^a. , and 
this completes the proof. ■ 

Remark 3.6 If dimH = n < oo and (ir,H) is a finite dimensional representa- 
tion of A, then n (A) = B(H) = K(T-L), so that the results of this section are 
trivial consequences of the corresponding ones for irreducible unitary represen- 
tations of U n (C). 

Remark 3.7 An irreducible representation (7r,77) of the C*-algebra can be 
obtained with the GNS construction from any pure state ip of the form 

ip(A) = (tt(A)v, v), \\v\\ = l,v£H 
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and since ir(U(A)) acts transitively on P(%), the pure states denning equivalent 
representations form a U(.4)-orbit in the state space S(A). The map 

V(H)^S(A), [v] ^ <p v , <p v (A) := ^)v, v ) 

{v, v) 

is injective because n(A) C -B('H) is dense in the weak operator topology. 

It is instructive to describe the functional itp^ in C*-algebraic terms. To 
obtain such a description, we call an n-tupel (ipi, . . . , ip n ) 6 XJ(A)tp C S(A) 
orthogonal if tpj = ip v . for pairwise orthogonal elements V\,...,v n £ H. Note 
that Proposition 13.21 implies that ~U(A) acts transitively on the orthogonal n- 
tupels in the orbit U(A)<p. 

Writing A = J2jej^j £ j as a finite sum, where £j(k) — 6jk, the vectors 
{ej : j £ supp(A)} form an orthonormal set corresponding to the orthogonal 
states ipj, j E supp(A). We now have 

ittf(A) = Tr {DMA)) = X 3 «A)e 3 ,e 3 ) = £ X m (A), 

so that 

jesupp(A) 

is an intrinsic description of in terms of orthogonal states in \J(A)ip. Fixing 
a bijection 7: {1,...,N} supp(A), it now follows that the coadjoint orbit 
O^a consists of the restrictions of all functional of the form 

N 

where (y>\, . . ■ , <pn) is an orthogonal iV-tupel in \J(A)ip. 

For the particular case where Xj 6 {0, 1}, we have ~H\ = A N (H) and the 
elements of O^a correspond to sums of orthogonal Af-tuples in \J(A)(p. 

For the case N = 1 and A = m8j we simply obtain O^a — —im\J(A)<p. 

Remark 3.8 In the setting of Theorem l3.5f i). it is not clear whether the coad- 
joint orbit O^a C u(^4)' is "smooth" in the sense that the isotropy Lie alge- 
bra at any of its points is a complemented subspace of u(A). Nevertheless, if 
K(Ti) C tt(A), then the fact that the natural complement of u(H)\ can be cho- 
sen in Uoo(7^) implies that it also is a complement of the stabilizer algebra in 
n(u(A)). 

We can now describe which ones of the representations 7r£ 
in the sense of |Pa83| and |Pa87) . 



x For any orthogonal n-tuple of states, the functional tp := -^(<fii + • • • + L Pn) also is a state. 
It corresponds to the element (vi, . . . ,v n ) € H n , which is a cyclic vector for the natural 
representation of A on W ( IDix64l Thm. 2.8.3(iii)]; Proposition [3T2l . 



22 



Proposition 3.9 7/ A G V , then we have 

(V 9l ,g 2 eV(A)) \\^( gi )-^(g 2 )\\ < \\g x -g 2 \\ (12) 

if and only if A = ±£j for some j G J, i.e., ir^ is either the representation 
7t|u(.a) or its dual. 

Proof. If (|T2|) is satisfied, then it follows by Lemma 11.31 that for every /i G 
I^a we have < 1. On the other hand G I^a (see Theorem I3.5[) . hence 
we get by Theorem 13. 5f ii) that ||A||i < 1. Since A is an integer valued function 
on J, the assertion follows. ■ 



Using the momentum sets in classification problems 

We have seen in Theorem 13 . 5f iii) that, fixing the algebra representation tt, the 
unitary representations of the form tt^ can be distinguished by the correspond- 
ing coadjoint orbits O^a and the norm closed momentum sets 7™ A . A priori, 

the coadjoint orbit is not defined intrinsically in terms of the representation ir£ 
of U(.4), but J" A is. Nevertheless, just as in the representation theory of com- 
pact Lie groups (see |Wi92j and [NeOOj ). we found that O^a can be specified 
intrinsically as the set of extreme points of 7" . 

Another intrinsically defined object is the full momentum set 7^ . As we 
have seen in [NelOl Thm. 7.1], it does not separate the unitary representations 
of \J(A) obtained by restricting inequivalent algebra representations with the 
same kernel, and such representations exist for separable C* -algebras not of 
type I QDix64l Thm. 9.1], jSa67] L 

Remark 3.10 (a) However, [KOS031 Thm. 1.1] asserts that the normal sub- 
group of asymptotically inner automorphisms of a separable C* -algebra A acts 
transitively on Ext(7 w ) for any irreducible representation tt of A. Indeed, 
Ext(7 7r ) is the set of all pure states tp of A for which the corresponding rep- 
resentation it v has the same kernel as tt, hence the same momentum set (cf. 
[NeOOl Thm. X.5.12]). 

(b) According to [Dix641 Prop. 5.1.3], two representations m and Tt2 of a 
C*-algebra A are quasi-equivalent if and only if they have equivalent multi- 
ples. For the corresponding unitary representations of U(^4), this means that 
7" = 7™. In fact, multiples of a given representations have the same norm- 
closed momentum set, so that quasi-equivalence of m and tti implies equality of 
the norm-closed momentum sets. If, conversely, 7" = 7" 2 , then the two repre- 
sentations tx\ and 7T2 have the same set of normal states, so that their extensions 
Tt** '. A** -> B(Hi) and tt|* : A** -> B{H 2 ) to the enveloping W^-algebra A** 
have the same kernel. This in turn implies that 

ni (A)" = tt**(A**) = A**/kem** s tt**(A**) = tt 2 (A)" , 

so that |Dix641 Prop. 5.1.3] implies that tx\ and tt 2 are quasi-equivalent. 
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(c) According to Dix64l Prop. 5.3.3], two irreducible representations of a 
C*-algebra which are quasi-equivalent are equivalent. This means that in the 
class of those unitary representations of V(A) which are restrictions of algebra 
representations, the norm-closed momentum set /" determines the equivalence 
class of 7r. As we have already observed above, this is not true for the momentum 
set 7^ if A is not of type I. 

Geometrically, the fact that I™ determines the equivalence class of the uni- 
tary representation (7r, Ti.) of U(,4) coming from an algebra representation is 
that 7" = S*(B(H)) and that the extreme points of this set are parametrized 
by the projective space P('H) of one-dimensional subspaces of H. As U(_4) acts 
transitively on this set, it acts transitively on the extreme points of so that 
Ext(7") is the U(.4)-orbit in Ext(«S(.4,)) consisting of all those pure states <p 
with 7T[p = 7r as algebra representations. 

In the present subsection we discuss some applications of the momentum 
sets to the problem of classifying representations of unitary groups for various 
classes of C*-algebras. Before going any further in this direction, let us settle 
the case of C* -algebras of type I by a statement which extends Proposition 12.41 

Proposition 3.11 Let it: A —> B(H) be any * -representation of a unital C*- 
algebra such that K(T-l) C tt(A). If A,/i S V , then = if and only if 

Proof. First we note that K(H) C tt(A) implies that the representation 7r is 
irreducible. Assume that ¥ 7r^. We have to show that 7_a ^ I~a. In view 
of Theorem [331 M f- WA, so that Proposition ^. 41 combined with Theorem 12.21 
implies that the subsets 1\ and /„ of u oc (H)' are different. 

Since K(H) C n(A), Proposition 11.51 shows that I\ = I^a^^^h) and 1^ = 

^luoc(«)' Hcnce 4j* ± ■ 

Corollary 3.12 Let ir: A — > B(H) be an irreducible * -representation of a uni- 
tal C* -algebra of type I. If A, /i: J — > Z are non- decreasing, finitely supported 
functions, then tt<^ = ir^ if and only if I^a = I^a . 

Proof. To derive this from Proposition 13. Ill we recall that a C* -algebra A 
is of type I if and only if for every irreducible representation (7r, H) we have 
K(H) 2 n(A) (cf. [Sa67] . where this property is called GCR). ■ 

Proposition 3.13 For =/= A G V , the ideal ker7r can be recovered from I^a as 
the unique largest ideal of A contained in I 1 ^ . 

Proof. We consider the subspace 

B:={AeA: (1^, A) = {0}} 

From 

ker 7r n u(A) C ker d7r^ 



(kerd^) 
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it immediately follows that B 3 ker ir. Therefore it remains to show that tt(B) 
contains no non-zero ideal of ir(A). 

As u 00 ('H) is a simple Banach-Lie algebra and n\ is non-trivial, kerd7r\ = 
{0}. Therefore every element in kerd7r> commutes with Uoo^), hence is of the 
form (1 for some ( £ T. For these elements we have 

-xui.' n,- A ,- >:a . 

Therefore kerd7r\ is non-zero if and only if ^ . Xj = 0, and in this case it 
coincides with the center Tl. We conclude that ker7r^ C Tl and hence that 

7T(B) C CI. 

If 7r(£>) = {0}, we have B — kerTr and there is nothing to show. So we 
assume that n(B) = CI. Then tt(B) contains no non-zero ideal of tt(A), which 
in turn shows that every ideal of A contained in B is contained in ker7r. This 
means that ker7r is the unique largest ideal of A contained in B. ■ 

Since an irreducible representation of a separable type I algebra is deter- 
mined by its kernel ( [Dix641 Thm. 9.1]), we immediately derive with Corol- 
lary [3321 and Proposition 13. 131 

Theorem 3.14 For A separable of type I, ^ A, ji £ V and two irreducible 
representations (tv,H) and (p,K), we have 

=I f>$ ^ n ~ p and ^ ~ p t- 

Example 3.15 (a) The argument in Proposition 13.131 does not require that 
dimH = 00, it is only needed that ir(A) 7^ CI, i.e., that dimH > 1. 

If dim'H = 1, then W = {1} and V = Z, the character group of Ui(C) = T. 
For 7r(a) = x(a)l, we accordingly have 7r^(a) = x( a ) A l- 

(b) Suppose that A is commutative, i.e., A = C{X) for a compact space 
X. Then V(A) = C(X,T), and by taking tensor products, the preceding con- 
struction leads to all characters of C(X, T) which are finite products of point 
evaluations. If X is totally disconnected, then this exhausts the character group 
of C(X,T) ( |Au93j ). but in general there are much more. 

In fact, for X = [0,1], we have C([0,1],T) = C([0, 1], E)/Z, so that the 
character group can be identified with the set of real-valued Borel measures \i 
on [0, 1] with integral total mass. Clearly, all Dirac measures have this property, 
but Lebesgue measure also does. 

Remark 3.16 Suppose that A C B(TL) is a C*-algebra containing K(H). 

Recall that every irreducible unitary representation (■n\ 1 T-L\) of Uoo(^4) ex- 
tends to V(TL) 3 U(^4), so that JJ(A) acts trivially on the set of equivalence 
classes of irreducible unitary representations of the normal subgroup V 00(H). 

Let (7r,"H) be an irreducible unitary representation of XJ(A). Then ^{v^iH) 
decomposes into irreducible representations, and the preceding remark implies 
that the isoptypic components are invariant under U(^4). Therefore 

H = M®H\ and tt = 7 <g> ir^, 
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where 7: V (A) /V 00(H) -> \J(M) is irreducible. 

In this sense every irreducible representation of U(A) can be decomposed into 
one of the type and a representation of the quotient group V (A) /V 00(H), 
which is a subgroup of \J(A/K(H)), so that one may hope for an inductive 
description of irreducible representations if A/K(H) again has a faithful irre- 
ducible representation whose image contains the compact operators. 

Example 3.17 Let A B(t 2 ) he the Toeplitz algebra, generated by the shift 
operator S on I 2 — ^ 2 (N,C) and its adjoint. Then A contains K(H) and 
A/K(H) = C^S 1 ) is commutative. In particular, we have a short exact sequence 
of Banach-Lie groups 

1 -> XJoo(H) -> 13(A) -> C(S 1 ,T) -> 1 

which implies that V(A) is connected. 

Since A is separable and an extension of a commutative algebra by a type 
I algebra, it is also of type I. Therefore each irreducible unitary representation 
is determined uniquely by its kernel. The simplicity of K(H) implies that it is 
contained in every non-zero ideal I of A, so that every irreducible representation 
with a non-trivial kernel factors through the commutative quotient C(S 1 ). This 
implies that A = {id}US , i.e., there is only one infinite dimensional irreducible 
representation and all others arc one-dimensional, parametrized by § . 

In this case we can also determine all irreducible unitary representations 
(tt,H) of V(A). If ker7r contains U oo(H), the representation factors through 
the abelian quotient, hence is one-dimensional. These representations are para- 
metrized by the characters of the Banach-Lie group C(S 1 ,T)o = Tx G^S^R), 
which is a product of T and the Banach space C* (S 1 , K) . 

If (w,H) is an irreducible continuous unitary representation of 13(A), then 
Remark f3 . 1 6l implies that H = M®H\ and it = 7®^, where the representation 
7: \3(A)/X3oo(H) — > \3(A4) is irreducible, hence one-dimensional. Therefore 
H = H\ and n(g) = x(d) 7r 'x(9)> where \ '- U(-4) — > T is a character; actually a 
pull-back of a character of C(S 1 ,T)o. This provides a complete description of 
the continuous unitary representations of U(^4). 

4 More on extreme points of momentum sets 

In this section we point out additional properties of the extreme points of mo- 
mentum sets, by using some basic ideas of infinite dimensional convexity. We 
refer to [FLPOlj for a survey on convexity in Banach spaces. In particular, for 
arbitrary A G V, we are thus able to obtain in Corollary 14.71 below an intrinsic 
description of the coadjoint orbit Od x as the set of weak-*-strongly exposed 
points of the momentum set I\ . We recall that such a description involving the 
norm-closed momentum set /" was already obtained in Theorem 13.51 fsee ©). 

Definition 4.1 If A 7 is a real Banach space with the topological dual X' , and 
A C X', then we define the following subsets of the set Ext (A) of all extreme 
points of A: 
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1. Ext* (A) is the set of all extreme points of A which are points of continuity 
of the identity map (A, weak-*-topology) — > (A, norm topology). 

2. Dent* (A) the set of weak-* -denting points of A and consists of the points 
a G A such that for every e > we have a ^ conv w ({b G A: \\a— b\\ > e}). 

3. StrExp*(A) is the set of weak-* -strongly exposed points of A. It consists 
of the points a £ A for which there exists a weak-*-continuous linear 
functional /: X' —} M such that f(a) = sup/(^4) and for every sequence 
{o, n }n>i in A with lim f(a n ) = f(a) we have lim \\a n — a\\ = 0. 

n— >-oc n— >oo 

It is easily seen that 

StrExp*(A) C Dent* (A) C Ext* (A) C Ext (A). (13) 

Remark 4.2 We recall that a Banach space is said to have the Krein-Milman 
property if every bounded, closed, convex subset is the (norm-)closed convex 
hull of its extreme points. If the Banach space under consideration is the topo- 
logical dual of another Banach space, then it is known that the Krem-Milman 
property is equivalent to the so-called Radon-Nikodym property, which is fur- 
ther equivalent to the property that every weak-*-compact convex subset is 
the weak-*-closed convex hull of its weak-*-strongly exposed points; see [Ph89, 
Thm. 5.12]. In particular, if A is weak-*-compact, convex, and nonempty, then 
in (fl"3"|) we have StrExp*(A) ^ 0. A description of the set of weak-*-denting 
points is provided by |OP08[ Thm. 1.3]. 

For later use, we also mention that the Krein-Milman property is shared by 
both the ideal of trace-class operators on a (not necessarily separable) Hilbert 
space and the space of absolutely summable families £ 1 (J) with a not necessarily 
countable index set; see |Chu81| Lemma 2], and |Bog83[ Cor. 4.1.9] as well as 
[Lin66j , respectively. 

Remark 4.3 If tt : G — > V(H) is a bounded representation, then the momen- 
tum set /„• is weak-*-compact and is the weak-*-closed convex hull of im^^), 

hence we get Ext(/ 7r ) C im($^)'° by Milman's theorem (see |Bob071 Ch. 2, §4, 
Prop. 4]). 

It then follows that Ext*^) is contained in the norm closure of im($ w ), 
and in particular Ext*(/ 7r ) C Thence we get Ext* (I n ) C 7"nExt(/ 7r ), hence 
eventually Ext*(/ 7r ) C Ext*(i^). 

We now record a simple folklore lemma which will be needed in the proof of 
Corollary [4771 

Lemma 4.4 Let X be a real Banach space and assume that the junctionals 
if, ipi, tf2, ■ ■ ■ G X' satisfy the conditions \\f n \\ < IMI for every n > 1 and 
lim ip n — if in the weak-* -topology. Then lim \\f n \\ = IMI- 

n— >oo ' n— >oo 
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Proof. The hypothesis implies limsup \\<p n \\ < IMI- Therefore, if the con- 

n— >oo 

elusion fails to be true, then we must have liminf \\tp n \\ < Then there exist 

n— >oo 

e > and integers ni < 712 < ■ • • such that \\<fn k || + 2e < \\<p\\ for every k > 1. It 
then follows that there exists x € X such that ||xo|| = 1 and \\<p nh ||+e < |y>(xo)| 
for every k > 1. Consequently |<^ njt (a;o)| + e < |y(xo)| for every fc > 1, and then 
we cannot possibly have lim ip n (xo) — <p(xq)- The later equality is however 

ensured by the hypothesis that lim ip n = ip in the weak-*-topology. This con- 

n— >oo 

tradiction concludes the proof. ■ 



Proposition 4.5 If A G V and Ext* (!„.,*) ^ 0, i/ien we have 
(9^ = Ext*(J^)C Ext* 

Proof. Theorem 13.51 ensures that 4j = conv w (O^a), hence by Milman's 
theorem r [Bob071 Ch. 2, §4, Prop. 4]) we get Ext C O^a"* ■ This further 
implies that Ext* (J^ a) C O^a 1 = where the latter equality follows by 

Theorem I3.5f ii) . 

On the other hand, it is easily seen that the set Ext* ( I^a ) is invariant under 
the coadjoint action of U(.A). Therefore, if Ext*(/ 7r ^) ^ 0, it follows by the 
above inclusion relation that we actually have Ext* (I„a ) = O^a ■ The inclusion 
Ext* (I n A ) C Ext* (I n A ) was already noted in Remark [ 



For the next statement we recall that the C*-algebra A is said to be scat- 
tered if every positive linear functional on A is the sum of a sequence of pure 
functionals. 

Corollary 4.6 If A is a scattered C* -algebra, then the following assertions 
hold: 

(i) IfXeP, then O^a = Ext* (I,a) C Ext*(I n A ). 

(ii) If A, jU G V , then 

Proof. It follows by the main theorem of |Chu81j that the topological dual 
of A has the Radon-Nikodym property, and then Ext* (I^a.) ^ by Remark l4.21 
Therefore (i) follows by Proposition ^. 51 

For (ii), note that the implication "<^" is obvious. Conversely, if I„a = 
I„a, then Ext*(P^) = Ext* (I% A ), hence (i) shows that O^a = O.^a. Now 

Theorem 13.51 ensures that ~ n^. ■ 
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The next corollary provides an alternative proof for Proposition 12.41 and 
for this reason we resume the corresponding notation. This statement should 
also be compared with (NeOOl Thm. X. 4. 1(h)], which in particular describes 
representations of finite dimensional Lie groups for which the exposed points of 
the momentum sets coincide with the extreme points and constitute a coadjoint 
orbit. 

Corollary 4.7 If X E V , then 

Dx ~ StrExp*(/ A ) = Dent*(/ A ) - Ext*(/ A ) C Ext(/ A ), (14) 

and the latter inclusion may be strict. Moreover, for A, /i e V we have I\ = 1^ 
if and only if -K\ ~ . 

Proof. Corollary 14.61 applies since the C*-algebra A = CI + K{H) is scat- 
tered. Therefore, in view of Definition 14.11 (see (EE])), the equalities in (fT4"]) are 
obtained as soon as we have proved that Od x StrExp*(/ A ) (Corollary I4.6[) . 
Since StrExp*(/ A ) is U(H)-invariant, it suffices to check that D\ G StrExp*(/ A ). 

We now use the method of Remark 12.71 To this end, let / : Hermi(%) — > R, 
f(X) = Tr(D\X), and let {T„}„>i be a sequence in I\ (C Hcrmi(H)) such that 
lim f(T n ) = f{D x ). Since \\T n \\ 2 < \\D x h (see Remark CD]), it then follows at 

n— too 

once that lim ||T„ — _Da || 2 = 0. We get in particular lim T n = D\ in the weak 

n— >oo n— >oo 

operator topology. 

On the other hand, I\ is contained in the ball centered at G Herm 1 (H) 
with radius ||D A ||i, as a direct consequence of Theorem 13. 5t i). It is easily seen 
that the weak operator topology coincides with the weak-*-topology on any ball 
in Hermi('H), and then lim T n = D\ in the weak-*-topology of Hermi(H). By 

n— >oo 

using Lemma 14^41 we now get lim ||T„||i = ||-Da||i- 

n— >oo 

Now the conclusions of the above two paragraphs imply lim ||T„ — D\ \\ i = 

n— too 

since the trace class has the Radon-Riesz property (also called the Kadec-Klee 
property or the Kadets-Klee property), i.e., every weakly convergent sequence 
with ||x n || — > ||x|| converges; see |Ar81j and |Si81j for the case of 
separable Hilbert spaces and |Le90] for a stronger property in the general case. 

Thus D\ £ StrExp*(/A), and this completes the proof of (fl4|) . To see that 
the final inclusion in (|14[) may be strict, note that if < A e V, then we have 
0GExt(/ A )\O I?A . ■ 



A Schur— Weyl duality for infinite dimensional 

spaces 

In this appendix we collect some general remarks on the decomposition of V® k 
under GL(V^) for an infinite dimensional vector space V. In particular, we 
explain how this can be adapted to the decomposition of finite tensor products of 
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Hilbert spaces H under the action of U(%), resp., GL(%), which was considered 
in [Se57] . [Kl73] . [0179] . and so on. 

Let V be a complex vector space and V® k the fcth tensor power of V . Clearly, 
the product group GL(T^) x fife acts on this space, and since Sk is finite, V® k is 
a semisimple fife-module. We identify the set Sk of equivalence class of simple 
S^-modules with the set Part(/c) of partitions of k and write M A for the simple 
S^-module corresponding to the partition A = (Ai, . . . , X n ). 

Remark A.l For any inclusion V\ V2 of vector spaces, we obtain an inclu- 
sion of fi fe -modules V® k ^ V® k . 

Combining the preceding remark with |GW981 Thm. 9.1.2], it follows that if 
dimy = 00, then each irreducible fife-module occurs in V® k , and if 
dimV < 00, then all modules corresponding to partitions A £ Part(fc, n) into at 
most n — dim V pieces occur. 

For A £ Part(fe), let Pa £ C[fife] denote the corresponding central projection, 
so that P\V® k is the isotypic component of type A. From finite dimensional 
Schur-Weyl Theory, we know that for each finite dimensional subspace F £ V, 
the space P\(F® k ) is an isotypic GL(F)-module whose multiplicity space is an 
fife-module isomorphic to M A . Moreover, the fife-multiplicity space 

S X (F) :=Hom Sfe (M A ,F® fc ) 

is a simple GL(F)-module, where GL(F) acts by composition in the range. 
Further, the evaluation map induces an isomorphism 

S A (F)®M A -^P x (F® k ) 

of GL(F) x fife-modules. 

Theorem A.2 S\(V) := Rom Sk (M x ,V m ) is an irreducible GL(V)-module. 

Proof. We show that each non-zero element ^ a £ S\(V) is a cyclic 
vector. Since M A is finite dimensional, im(a) C V® k is finite dimensional, 
hence contained in F lg ' k for some finite dimensional subspace F C V. This 
means that a £ S\(F). 

For any finite dimensional subspace E C V containing F, the space S\(E) 
is a simple GL(£J)-module, and since every element of GL(_E) extends to an 
element of GL(V), it follows that span(GL(V)a) D S\(E). Since E was arbitrary 
and Sa(T^) is the union of all S\(E), a is a cyclic vector in Sa(V). This proves 
that Sa(V^) is irreducible. ■ 

Corollary A. 3 Under the action o/GL(V) x fife, we have the following decom- 
position of V® k into simple submodules 

y®k^ Q S X (V)(»M X . 

AePart(fc) 



30 



Remark A. 4 We obtain the same decomposition with respect to the smaller 
group GLf(V) of all invertible linear maps g for which g — idy is of finite rank. 
The same arguments as for GL(V) apply. 

The next statement is well known (its version for topological groups can be 
found for instance in jKS77] or [O190 ). We include its proof for the sake of 
completeness. 

Proposition A. 5 Let S be a topological involutive semigroup and (Si)i£i a 
directed family of involutive subsemigroups of S such that lj ig7 Si is dense in 
S. Also let H. be a complex Hilbert space and (T-L-^iei a directed family of closed 
subspaces of TL such that [J ieI 'Hi is dense. Assume that p: S — >• B(H) is a 
strongly continuous * -representation of S such that for each i £ I the subspace 
Hi is invariant invariant under p(Si) and the representation pi\ Si — > B(Hi), 
g h- > p(g)\-Ha * s irreducible. Then the representation p is irreducible. 

Proof. It follows at once that the subset p(S) of B(H) is self-adjoint. Thus 
its commutant p(S)' is a von Neumann subalgebra of B(7i), and what we have 
to prove is that p(S)' = CI. 

To this end, denote by pi £ B(H) the orthogonal projection on Hi for all 
i £ I. Then pi /*• 1 in the strong operator topology for i £ /. Now let a £ p(S)' 
arbitrary and fix i £ I for the moment. Then a £ p(Si)' and pi £ p(Si)' , 
so that Pia\ui £ pi(Si)'. Since pi is an irreducible representation, we have 
Pi(Si)' = CI C B(Hi), so there exists z, e C with pia\-n i = Zjl £ B(Hi). 
Consequently piapi = Zipi. If we let n run through the nonnegative integers, we 
thus get a family of complex numbers {zi}i^i. 

On the other hand, for all i,j £ I with i < j we have pi < pj, that is, 
Pipj = P 3 Pi = Pi, hence 

ZiPi = piapi = piPjapjPi = z^p^ = ZjPi. 

This proves that Zi = Zj whenever i < j. Since / is a directed set, it follows 
that actually z^ = Zj for all i,j £ I, hence there exists z £ C such that z t = z 
for all i £ I. Therefore Piapi — z pi for every i £ I. Since Pi /* 1 in the strong 
operator topology for i £ J, it follows that a — ZqI. Thus p(S)' = CI, and this 
completes the proof. ■ 

Remark A. 6 Let H be a Hilbert space and %® k be the Hilbert space /c-fold 
tensor product. Then the action of the group V(H) x Sk on this Hilbert space 
is unitary. 

If F C H is a finite dimensional subspace, then S\(F) C F® k is a simple 
U(.F)-module because GL(F) = U(F)c and it is simple under GL(F). Next 
note that the union of all the subspaces S\(F) of S\{H) := Hornet (M A , T~L® k ) 
is a dense subspace, and that each unitary operator u £ U(F) extends to some 
element of \J(H). Therefore Proposition IA. 51 implies that the representation of 
V(H) on Sa('H) is irreducible. 
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The same argument also implies that the representation of the subgroup 
Uoo('H) := U(-H) n (1 + K(H)) on § X (H) is irreducible. If A C B{H) is a unital 
C*-algebra acting irreducibly on H, then it also follows from Theorem 13.41 that 
the representation of U(A) on §a(H) is irreducible. 

B Weyl group orbits and their convex hulls 

In this section we discuss the convex geometry of the weak-*-closed convex hull 
co(A) of WA in £ 1 (J, M) and of the norm-closed convex hull co n (A) which is a 
subset of co(A). 

We start with a general observation concerning finite reflection groups. 

Lemma B.l Let W C GL(V) be a finite reflection group whose reflections have 
the form 

s a (v) — v — a(v)a, a G V* , a G V, a(a) = 2, a G A. 
Then, for each A G V* , we have 

WXCX-Cx for C x := cone({a G A : A(d) > 0}) 

and the function f: W — >• M, W i— > (w\)(x) is maximal in 1 if and only if x G Ct. 

Proof. This is a refinement of [NeOOl Prop. V.2.7], which asserts that for 
each chamber C C V with 

AgC**, C* = cone({a: a(C) CR + }), 

we have WA CA-C*. From this relation we immediately derive that 

WA C A — p| C*=X-( (J C)*. 

xec* agc* 

Let Ac := {a G A: a(C) C R + } denote the positive system defined by the 
chamber C. Then A G C* is equivalent to 

A(d) > for a G A C - 

Now A> := {a G A: A(d) > 0} is a parabolic system of roots and the condition 
above is equivalent to A c Q A\. 

Since each chamber C* C V* is & fundamental domain for the action of W 
on V* and W acts simply transitive on the set of chambers f |Hu92j ). the set of 
all chambers containing A coincides with the orbit of Cq for a fixed chamber Co 
satisfying this condition under the stabilizer group W\. Accordingly 

xec* 



32 



and the dual cone of this set is spanned by all roots in 

p| wA Co ={ae A Co : W x a C A C J. 

If a G Ac satisfies A(d) = 0, then s a G W\ and s a a = —a $ Ac„ implies that 

p| wA Co C {a G A Co : A(d) > 0} 
weWx 

and the converse inclusion holds trivially. We conclude that 

WA C A — cone ({a G A: \(a) > 0}) = A - C* A . 

This implies that for each x G C^, the function / is maximal in w = 1. If, 
conversely, this is the case, then 

/(s a ) = (s a A)(x) = A(x) - A(a)a(x) > A(x) 

implies that a(x) > for A(d) > 0, i.e., x G CJ. ■ 

Now we turn to the action of W = SVj) on the Banach space ^ 1 (J, K). We 
define for k G N and fx G ^(J, R ) 

ZfeO) := sup{Mj! H + = ii £ 4 I { Ji , • • -Jk}\ = 

It follows immediately from the definition that is an 5,/-invariant weak-* 
lower semicontinuous convex function satisfying < From |Neu99[ 

Lemma 2.3] we recall that 

L fe (A) =L fc (A+) and L k (-\) = L fc (A_), (15) 

which further implies that 

5(A) := V Aj = 5(A+) - 5(A_) = lim L fe (A) - lim L fe (-A). 

For A G £ 1 (J, M), let co(A) denote the weak-*-closure of WA and co n (A) denote 
the norm closure of this set. 

Lemma B.2 For A, /i G t (J, K) we consider the following conditions: 

(11) Lk(p-) < Lf-(\) for fc G N. 

(12) L fe (-/x) < L fc (-A) /or k G N. 

(13) V //0 V A/ . 

TTien i/ie following assertions hold: 

(i) co(A) consists of all elements /i satisfying (11/2). 
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(ii) co n (A) consists of all elements fx satisfying (I1)-(I3). 

(iii) (i G co(A) <^ fi± G co(A±). 

(iv) < p! < fi, [i G co(A) => // G co(A). 

(v) co(A) = co(A + ) — co(A_). 

(vi) Ext(co(A)) C Ext(co(A+)) - Ext(co(A_)). 

Proof. (i) Since the functionals are weak-* lower semicontinuous and 
convex, /i G co(A) implies (11/2). From |Neu991 Prop. 2.8(2)] we derive that 
(11/2) imply that is contained in the || • Hoc-closure of conv(WA), hence in 
particular contained in co(A). 

(ii) If fi £ co n (A), then /i satisfies (13), in addition to (11/2), because the 
summation functional S((i) '■= Ylj t' i i« invariant under W. The converse follows 
from |Neu99[ Lemma 2.5]. Actually Neumann assumes that J is countable, but 
since his result can be applied to the countable subset supp(/^) U supp(/^), the 
assertion holds in general. 

(iii) follows immediately from (i), Lk{p) — Lk{[i+) and Lk{— /i) = Lk(fJ,-)- 

(iv) is a consequence of (iii). 

(v) Any // G co(A) can be written as /i = /i + — and we have seen in 
(iii) that /i± G co(A±). To verify D, it suffices to show that A + — WA_ C co(A) 
because co(A) is W-invariant. For w G W we observe that 

< (A+ - w\-)+ < A+, 

so that (iv) implies (A + — uiA_) + G co(A + ). We likewise derive from 

< (A + - wA_)_ < w\- 

that (A + — wA_)_ G co(w;A_) = co(A_). Hence A + — wA_ G co(A) follows from 
(iii). 

(vi) If fi G Ext(co(A)), then (iii) and (v) immediately imply that fi± G 
Ext(co(A±j). ■ 

Extreme points 

Now we turn to extreme points. Let AG? throughout the following statements. 

Lemma B.3 A is an exposed point o/co(A) and in particular A G Ext(co(A)). 

Proof. Every w G W = S^j) is a finite product of transpositions s a for roots 
a = £i — Ej G A. Applying Lemma \B. II to the subspace V C IR( J ) spanned by 
the vectors — ej for which s £i _ £j . occurs in w, it follows that 

WA C A - C\ for C\ = cone{£i - ej : A, > 
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The set 

B := co5v u '*({e i - Sj : A, > Aj}) C £ X (J,R) 
is weak-*-compact, and for each pair with A,; > Xj we obtain for x\ := 

Ej -V .. 

(£i - £j, x\) = Xi - Xj > 1. (16) 

We conclude that the convex cone R+S is weak-*-closed with the compact base 
B r |Bob07[ Ch. II, §7, No. 3]). Hence 

co(A) C A - R+B, 

so that 

{A} = {[i e co(A) : n{x\) — max(co(A), x\)}. (17) 
This proves that A is an exposed point of co(A). ■ 

Remark B.4 In the notation used in the proof of Lemma [B.3| it follows by 
inequality (|16j) that for every b G B we have 



(VbeB) (b,x x )>i. 

Now let us consider the weak-*-continuous functional / := (-, x\) : l x {J, R) — > R. 
Then we get by the above inequality along with (fT7|) that /(A) = sup/(co(A)) 
and for every sequence {/i n } n >i in co(A) with lim f(/J, n ) = /(A) we have \i n = 

n— ► oo 

A — t n b n with b n £ B and f n € R+ satisfying 

< t n < t n (b n ,x\) = (A, x\) - (fin, x\) = /(A) - /(/x„) 
for every n > 1. Hence lim t„ = 0, and then lim ||/x„ — A|j = 0. This shows 

n— >oo n— >oc 

that we actually have A £ StrExp*(co(A)) (see Definition 14. ip . 



Since co(A) is a bounded, hence weak-*-compact subset, |Bob071 Cor. to 
Prop. 2 in §1.7.1] implies that 

Ext(co(A)) C Wr* . (18) 

On every bounded subset of ^ 1 (J, Z), the weak-*-topology coincides with the 
product topology induced from Z J . For a subset F C J and /i £ Z J , we define 
(ij? G Z J by 

VP 13 [0 else. 

We thus obtain 

WX"" = {wX F : w e W,F C J, \F\ < oo}. (19) 
The set of all these elements can also be specified by the condition 

(Vn € Z) < |A _1 (n)|. 
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We derive in particular that 

A ± eWf*. (20) 

Now the interesting question is, for which subset FC J is Xp an extreme 
point of co(A). For < A, we call a restriction A^, F C supp(A), an upper part 
of A if j ^ F implies that g" F whenever < Afc < Xj. This means that, for 
k := F|, the set A(F) contains the fc-largest values of A. 

Lemma B.5 (i) If X + ^ A_ 7 i/ien Ext(co(A)). 

(ii) For every extreme point fi G co(A) either /i + G WA + or //_ G WA_. 

(hi) // /Lt_|_ = A+ and /x_ G Ext(co(A_)) or /i_ = A_ and /j + G Ext(co(A + )) ; 
then \x G Ext(co(A)). 

(iv) If < X, then Xf G Ext(co(A)) if and only if it is an upper part of X. 

Proof. (i) If A+ / ^ A-, then the description of co(A) in Lemma lB.2r i) 
implies the existence of some S > with ±fcj C co(A±) C co(A). Hence 
£Ext(co(A)). 

(ii) Suppose that /i G Ext(co(A)). We have already seen in Lemma rB.2f vi) 
that this implies 

/x± G Ext(co(A±)) C WX± W . 

We therefore have /i+ G WXf 1 .+ and /i_ G WXf 2 .- f° r finite subsets F\ C 
supp(A+) and Fi C supp(A_). Assume, contrary to (ii), that Af 1: + ^ X+ and 
Xp 2l - 7^ A_. Then \i lies in the W-orbit of Xf 1 uf 2 = ^Fi,+ — ^f 2 ,-- That this 
is not an extreme point follows from the fact that is not an extreme point of 

co(A| j\(Fiuf 2 ))' as we fi ave seen m (i)- 

(hi) Suppose that fi + = A+ and write jj, = ta+ (1 — t)/3 with a,/3 G co(A) 
and < t < 1. From the inequalities (II) for k < |supp(A + )| it then follows 
that on supp(A+) both a and f3 coincide with A+. The inequalities (II) for k > 
| supp(A+)| further lead to A+ = a+ = /3+, and hence to /i_ = to.- + (1 — 1)/3-. 
If /i- G Ext(co(A_)), we thus arrive at a- = f3- = so that fx G Ext(co(A)). 
The other assertion follows by replacing A by —A. 

(iv) In view of (fTS)) and (p~9|) . it remains to show that, for A > and F C 
supp(J), the element A^ is extremal if and only if it is an upper part. Since 
A is extreme by Lemma fB.31 we may w.l.o.g. assume that X F ^ A, so that 
Lk(Xp) < Lk(X) for some k G N. Let k G N be minimal with this property, i.e., 
the k— 1 largest values Xj t , Xj kl of A and A^ coincide. In particular, j t G F 
for i < k — 1. By a similar argument as in (c), we see that, if Xf is extremal, 
then its restriction to J' := J \ {ji, . . . , jk~i} is an extreme point of co(A') for 
A' := A|j'. We may therefore assume that k = 1, i.e., that Li(Xf) < L\(X). 
Since all other values of Xf are also values of A, it follows that, for every k G N, 

L fc (A) - L k (X F ) > Li(A) - Li(Af) > 0. 

If Xf 7^ and A J0 > 0, we obtain for S < min(Li(A) — Li(Xf), Xj ) from 
Lemma [B.2IT } that Xf ± <5e j0 G co(A). Therefore Xf is not extremal. This 
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proves that, whenever Xf is extremal, we must have \F\ = k — 1, so that Xp is 
an upper part. 

Suppose, conversely, that Xf is an upper part. Then a similar argument as 
in (hi), using that £ Ext(co(A)) holds for the restriction to J\F, implies that 
Xf is extremal. ■ 

Lemma B.6 We have 

co n (A) nExt(co(A)) = WA, 

and if X > or X < 0, then this is precisely the set of extreme points 

Ext(co n (A)) = WA. (21) 

Proof. First we note that Lemma \B . 2f i) . (ii) imply that 

co n (A) = {n £ co(A) : S(ji) = 5(A)}. 

If A > 0, then 5(/z) < 5(A) for every /i £ co(A), so that co n (A) is a face of co(A). 
Therefore 

Ext(co n (A)) = Ext(co(A)) n co n (A). 

From the description of the extreme points of co(A) in Lemma IB.5f iv) as ele- 
ments conjugate to some upper part Xf, we see that whenever Xp ^ X, then 
S(Xf) < 5(A). We thus arrive at (|2Tj) . The same argument applies for A < 0. 

In general, we know that the extreme points /i of co(A) are precisely the 
Weyl groups orbits of elements of theform A + — X- p , where Xf,- is an upper 
part of A_ and of Xf,+ — A_, where Xf,+ is an upper part of A+ (Xemma lB.5|) . 
Since 

S(X+ - X-, F ) = S(X+) - S(X-, F ) > S(X+) - 5(A_) = 5(A) 
for X-.f =/= A_ and 

5(A+, F - A_) < 5(A+) - 5(A_) = 5(A) 

for A + ^ Xf,+, every extreme point of co(A) contained in co n (A) lies in WA. 
This completes the proof. ■ 

Proposition B.7 For arbitrary X £ V we have 

Ext(co n (A)) = co n (A) n Ext(co(A)) = WA. (22) 

Proof. Due to Lemma fB. 61 we only have to prove that 

Ext(co n (A)) C WA. (23) 

First note that this inclusion is a direct consequence of [N§98] Lemma 1.19] if the 
index set J is finite. It easily follows from this remark that if n £ Ext(co n (A)) 



37 



and supp \i is finite, then fi G WA. Therefore, in order to prove that ([2"B"f holds 
true, it suffices to prove that the support of any extreme point of co n (A) is a 
finite set. 

To this end let fx £ Ext(co n (A)) arbitrary and write fi = /x+ — /i_ with 
M± ^ an( i supp fi+ fl supp = 0. There exists a partition J = J + U J_ 
with supp/x-t C J±. If J is infinite, then J + or J_ is infinite. Without loss of 
generality, we assume that J + is infinite. If we denote by Ai > • • • > Xn the 
positive values of A+ counted according to the multiplicities, then we may also 
assume that 

supp A+ = {1, . . . , N} C N C J+ 

and for a suitable subset J + C J+ we have the partition J + = NUJ+. 

It follows by Lemma lB~27 ii) and (TT5|) that the property fi G co n (A) is equiv- 
alent to the conditions that for every integer k > 1 we have Lk(fi±) < Lk(X±), 
and moreover S(p) = S(X). If we denote 

c := S(X+) + S{n-) - S(X-) < S(X+), 

and 

S = {v e e\.J + ,R) : < v, L k {v) < L k (X + ) for k > 1, S(v) = c} 

it then follows that /i + eS. 

Note that we actually have /i+ G Ext(5). In fact, if \x+ were a nontrivial 
convex combination of two different elements in S 1 , then we can extend these 
elements to functions on J which are both equal to [i~ on J_ . These functions 
belong to co n (A) by Lemma lB.2r ii) and their corresponding convex combination 
is fi, which is impossible. 

We now claim that S = co n (A'), where < A' G £ 1 (J + ,R) = 4(NU J+,M) is 
defined such that supp A' C N, and A' fc = a' k — aj-,^, where a' k = min(ifc(A + ), c) 
for every k > 1 and a' Q = 0. Note that a' k /■ c as k — > oo, and X[ > A' 2 > • • • > 
(the sequences (a' k ) and (Lk(X + )) are "concave"). The set supp A' is finite since 
so is suppA + . Moreover we have Lfe(A') = a' k — min(ifc(A+), c) for every k > 1 
and S(X') = c, hence by using Lemma D3.2f ii) again we get S = co n (A'), as 
claimed. 

It now follows that fi+ G Ext(co n (A')) with A' > 0, and then supp/z+ is a 
finite set as a consequence of Lemma [B .61 We may therefore choose a partition 
J = J + U J_ in such a way that J_ is infinite. Then a similar reasoning shows 
that supp fi- is likewise finite. Thus any extreme point fi G Ext(co n (A)) has 
finite support, and we are done, in view of the remarks at the very beginning of 
the proof. ■ 
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